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I d e n t i f i c a t i o n  of commerc ia l   p roduc t s   i n   t h i s   r epor t  is  used to  adequately describe 
the model. The i d e n t i f i c a t i o n  of t h e s e  commercial p r o d u c t s   d o e s   n o t   c o n s t i t u t e  
o f f i c i a l  endorsement,  expre$sed or implied,  of such  products   or   manufacturers  by the  
National  Aeronautics  and  Space  Administration. 



V i b r a t i o n   s t u d i e s  carried o u t   i n  a vacuum chamber are r e p o r t e d  for a three-s ided  
membrane t h a t  is a c a n d i d a t e  for  r e f l e c t i v e   s u r f a c e s   i n  space antennas.  The membrane 
w a s  a s ing le   shee t   o f   a lumin ized   Myla r '   w i th   i nward ly   cu rved   edges .  Uniform t e n s i o n  
w a s  t r a n s m i t t e d   b y   t h i n  steel cables e n c a s e d   i n   t h e  edges. A moderate  range of ten- 
s i o n  loads, less than  262 N (59 l b ) ,  w a s  a p p l i e d  t o  t h e  cables a t  each  apex. Varia- 
t i o n  of ambient a i r  p r e s s u r e  from atmospheric  to  near  vacuum r e s u l t e d   i n   i n c r e a s e d  
response   f requencies   and   ampl i tudes .  The membrane w a s  found t o  be lowly damped, less 
than  1.4 p e r c e n t ,   r e g a r d l e s s  of t h e  a i r  pressure .  The f i rs t  f e w  v i b r a t i o n  modes 
measured i n  a near  vacuum are shown to  be p r e d i c t a b l e  by a f i n i t e - e l e m e n t   s t r u c t u r a l  
a n a l y s i s  over a range of appl ied   t ens ion   loads .   For  a given mode the   square  of t h e  
f r e q u e n c y   v a r i e d   i n  a l i n e a r  manner wi th   t ens ion .   Th i s   r e su l t  may be use fu l ,   t h rough  
s i m p l e   r e l a t i o n s ,  for es t imat ing   f requencies   and   tens ion   loads  of o ther   dynamica l ly  
similar membranes. The compl ica ted   v ibra t ion  mode behavior   observed  during tes ts  a t  
v a r i o u s  a i r  p r e s s u r e s  is s t u d i e d   a n a l y t i c a l l y   w i t h  a n o n s t r u c t u r a l   e f f e c t i v e   a i r - m a s s  
approximation. 

INTRODUCTION 

Current   concepts  for  l a r g e   s p a c e   s t r u c t u r e s   i n c l u d e   r e q u i r e m e n t s   f o r   r e f l e c t i n g  
s u r f a c e s   f o r   a n t e n n a s   a n d  collectors. A t y p e   o f   s t r u c t u r e   u n d e r   e v a l u a t i o n   c o n s i s t s  
of f l a t   p r e t e n s i o n e d  membrane f a c e t s   o r i e n t e d   i n   c o n t i g u o u s   s e g m e n t s  t o  approximate 
s p h e r i c a l  or p a r a b o l o i d a l   s u r f a c e s .  Also ,  l a rge   p re t ens ioned  membranes may be used 
i n  phased   a r r ays .   Co l l ec to r s   w i th   t h ree -   and   s ix - s ided   f ace t s   t ens ioned  by cables 
b e t w e e n   j o i n t s   o n   t h e   s u r f a c e   o f  a large t r u s s  are d e s c r i b e d   i n   r e f e r e n c e  1 .  High 
e f f i c i e n c y   a n d   s t a b i l i t y   o f   t h e  collector req,uire  some form  of   dynamic  controls ,  
which i n   t u r n   d e p e n d   o n   a n   a d e q u a t e   u n d e r s t a n d i n g   o f   v i b r a t i o n   c h a r a c t e r i s t i c s ,   n o t  
on ly  of t h e   o v e r a l l   c o l l e c t o r s   b u t  a lso o f   t h e   i n d i v i d u a l  membrane f a c e t s .   T h i s  
paper is conce rned   w i th   v ib ra t ions   o f   t he   f ace t s .  

A n a l y t i c a l   s t u d i e s   o f   t h e   v i b r a t i o n   o f  membranes w i t h   a n   a r b i t r a r y  number o f  
s i d e s  (or edges)  are t h e   s u b j e c t   o f   r e f e r e n c e s  2 t o  7. Reference 2 compares t h e  
v i b r a t i o n  modes of   regular   po lygonal  membranes ranging   f rom  t r iangular  t o  decagonal.  
A more d e t a i l e d   c l a s s i f i c a t i o n   o f   v i b r a t i o n  modes for t r iangular   and   hexaqonal  
membranes is g i v e n   i n   r e f e r e n c e  3 i n   a n   a p p l i c a t i o n  of symmetry  concepts  and  group 
theory.  The o the r   ana ly t i ca l   s tud ie s   f ea tu re   con fo rma l   t r ans fo rma t ions   o f   po lyqons  
to  circles (refs. 4 and 51, curved  edges as w e l l  as s t r a i g h t   e d g e s  (ref. 6 ) ,  and 
i n t e r i o r   p o i n t   s u p p o r t s  (ref. 7 ) .  A r e l a t e d   v i b r a t i o n   s t u d y  of a s imply  supported 
t r i a n g u l a r   p l a t e  (ref. 8) o f f e r s   t h e  rare p resen ta t ion   o f   bo th   expe r imen ta l   and  
a n a l y t i c a l   v i b r a t i o n  modes under  one cover.2 The supported-edqe  boundary  condition 
is s i g n i f i c a n t l y   d i f f e r e n t  from the   d i sc re t e   connec t ions   gene ra l ly   needed  for  a 
membrane facet. None of t h e   r e f e r e n c e s   c o n s i d e r e d   t h e  possible e f f e c t s   o f  the s u r -  
rounding medium (i.e., ambient a i r  or vacuum).  These effects can be n e g l i g i b l e ,  as 

'Mylar:  trademark of E. I. duPont de Nemours 6 Co., Inc. 
2A c l a s s i f i e d   e x p e r i m e n t a l   a n d   a n a l y t i c a l   i n v e s t i g a t i o n  of membrane v i b r a t i o n s ,  

i n c l u d i n g   e f f e c t s   o f  vacuum and  ambient a i r  p r e s s u r e ,  has recen t ly   been  carried o u t  
by George Jacobson  and associates, of t h e  Grumman Aerospace Corporation. 



i n  reference 8 for  a r e l a t ive ly  heavy membrane or  plate,   but  merit   consideration  for 
a lightweight  panel,  such  as a co l lec tor   face t .  

The purpose of the  present  paper is to   repor t  an experimental and ana ly t ica l  
study  undertaken t o  determine  the  basic  vibration  behavior of  a th in   equi la te ra l  
triangular-shaped membrane tensioned by thin  cables  along  the  edges and d iscre te ly  
fixed at   short   cable   extensions beyond the  apexes. The  membrane  was mounted i n  a 
vacuum chamber and vibration-tested  over a  moderate  range of tension  levels a t  ambi- 
ent   a i r   pressures  from atmospheric  to  near vacuum. Experimental  out-of-plane  vibra- 
t ion  modes (i.e.,   frequencies, mode shapes, and damping coef f ic ien ts )   a re   cor re la ted  
with  frequencies and mode shapes  calculated  with  the SPAR f ini te-element   s t ructural  
analysis  computer  program ( r e f .  9) .  

To real is t ical ly   s imulate   the  ref lect ive  funct ion of the  facet,  the membrane  was 
made of aluminized Mylar with  the  cables  encased  along  inwardly  curved  edges and 
joined  at   the  apexes.  This design is intended  to  produce  uniform in t e rna l  membrane 
tension  suff ic ient   to   achieve  opt ical-qual i ty   f la tness ,  i n  accordance  with  the 
requirements  specified i n  reference 10. 

Results of this   s tudy  are   presented  to  show chief ly   the   e f fec ts  of tension and 
ambient a i r   p ressure   (or   dens i ty)  on resonant  (or  natural)   frequencies of vibrat ion 
and corresponding mode shapes. The e f f e c t  of a i r   p ressure  on damping is a l so  
included.  Variations of frequency  parameters  with  tension form the  basis  for  estab- 
l i sh ing   sca le   fac tors ,   as  shown i n  appendix A, for  estimating  frequencies and 
tensions  for  other  dynamically  similar membranes. Appendix B shows how analy t ica l  
frequencies of the membrane are   affected by an approximation of the   v i r tua l  mass  of 
a i r   a t   var ious   p ressures .  

SYMBOLS 
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L 

mi 

Nn 

R 

'i 

T 

cross-sectional  area of cable 

cable  diameter 

Young's modulus of e l a s t i c i t y  

frequency, Hz 

s t r u c t u r a l  damping coef f ic ien t ,  
2 x Viscous damping coef f ic ien t  
C r i t i c a l  dampinq coef f ic ien t  

reference  (or  representative)  length 

a i r  mass per u n i t  area on i t h  membrane element  (appendix B) 

tension  per u n i t  length, normal to   the membrane edge, T/2R 

radius of membrane edge 

radius of a rc  i n  plane of ith membrane element  centroid  (fig. 18) 

tension  load a t  membrane apex 
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membrane t h i c k n e s s  

normalized  amplitude of response of membrane 

C a r t e s i a n   c o o r d i n a t e s  

assumed  height of ambient air mass above i t h  membrane cent ro id   (appendix  B) 

c o e f f i c i e n t  of thermal  expansion 

boundary  displacements ( f ig .  8) 

i n - p l a n e   s t r a i n  

geometric scale factor (appendix A) 

Poisson ' s  ra t io  

c o o r d i n a t e  of i t h  membrane e l emen t   cen t ro id   i n   @-p lane   ( f ig .   18 )  

mass d e n s i t y  

mass d e n s i t y  of surrounding a i r  ( f i g .   1 8 )  

stress 

angular   f requency,  Znf, rad/sec 

Subscr ip ts :  

C cable 

i membrane f i n i t e   e l e m e n t   ( a p p e n d i x  B) 

M model   o f   p resent   inves t iga t ion   (appendix  A)  

m membrane 

P a n o t h e r  model, or pro to type   (appendix  A )  

r approximate a i r  mass a t  par t ia l  atmosphere, less than  1 atm 
(1  atm = 101.325  kPa) 

1 approximate a i r  mass a t  reference  a tmosphere,  760 mm Hg 
(1 mm Hg = 133.322 Pa) 

Abbreviat ions:  

FFT fas t  Four i e r   t r ans fo rm 

ITD Ibrahim time domain 

TF t r a n s f e r   f u n c t i o n  
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VIBRATION TEST PROGRAM 

The test portion of the  study was conducted in   the  Structural  Dynamics Research 
Laboratory a t  the Langley  Research Cen te r .  Out-of-plane vibration modes (i.e., f re -  
quencies, mode shapes, and damping coef f ic ien ts )  were measured from responses  excited 
by low sinusoidal and random input  forces. The use of  both  these test approaches 
enhanced mode ident i f ica t ion  and improved the  confidence  in  the  reported modal data.  
The pr incipal  modal data were obtained  to de termine  the   e f fec ts  of v ib ra t ions   i n  
membrane tension and air  pressure. 

Membrane Test Specimen 

Basic geometrical  features of the  equilateral   three-sided membrane are given i n  
f igure 1. The membrane w a s  made from 0.0127-mm (0.0005-in.)  thick Mylar with a 
vapor-deposited aluminum coat. Each edge  of the membrane  was a c i r cu la r  arc of 
radius 1.41 m (55.5 i n . )  with a 19.05-mm (0.75-in.) Mylar hem through which passed a 
1.60-mm (0.063-in.)  diameter steel cable. As indicated i n  t he   de t a i l   i n   t he   f i gu re ,  
the hem  was bonded t o  both  sides of the membrane. The maximum  hem thickness was 
0.038 mm (0.0015 in . ) .  The chord  length  of  each s ide  was  0.914 m (36  in.) .   Struc- 
tu ra l   p roper t ies  of the model are given i n  t ab le  I. A t  each of the  three  apexes,  the 
pa i r  of  edge cables was joined  to  form a s ingle   cable  which continued  over  pulleys t o  
the  opposite  side of the membrane and was at tached  to   the  center   r ing,  as i l l u s t r a t e d  
in   f igure 2. 

Test Apparatus 

The  membrane w a s  secured,  as shown i n  f igure 3, within a s t i f f   s t e e l  frame 
mounted inside  an  8-foot-diameter  spherical vacuum chamber a t  the Langley  Research 
Center. The smooth r e f l ec t ive   qua l i t y  of the  aluminized Mylar surface is evident,  
and w r i n k l e s  were confined  to  regions  near  the  apexes. The smooth surface was  main- 
tained a t   op t ica l -qua l i ty   f la tness  by tension  loads  that gave membrane stresses 
above 0.05 times  the membrane y ie ld   s t ress .  When the model was i n i t i a l l y  mounted and 
tensioned t o  that  level,  the  edges were manually moved along  the  cables  to  obtain a 
smooth d is t r ibu t ion  of the membrane along  the  circular  arcs.  This  adjustment  helped 
to   sat isfy  the  requirement   specif ied i n  reference 10 f o r  uniform  tension i n   t h e  
membrane. 

The accelerometers shown in   f igure  3 were used t o  monitor  vibration  responses of 
various  parts o f  the mounting  frame  and the  center  r ing.  Outputs from these acceler- 
ometers showed that  responses  during  vibration tests were ins igni f icant  compared with 
responses  of  the membrane. Thus, the frame w a s  assumed t o  be r igid.  

Modal survey  rig.-  Also shown in   f i gu re  3 a re  a deflectometer and track  compris- 
ing a n  automated,  remotely  controlled  apparatus  for  obtaining dynamic responses  over 
a wide portion of the membrane surface. The deflectometer is a noncontacting 
capacitance-type  device which is sens i t i ve   t o  minute movements  of the membrane within 
a small gap a t   t h e  end  of the  probe.  Automatic  maintenance of  a constant mean gap 
while moving the  probe  to  various  structural   locations is  c r u c i a l   t o   t h e   r e l i a b i l i t y  
of the measurement. The capacitance-type  proximity  deflectometer w a s  chosen  because 
the  output is unaffected by  low pressure  or membrane thickness. The performance  of 
inductance-type  deflectometers  suffered a t  near-vacuum pressures,  primarily  because 
this  l ightweight material is sensed  with  the  assistance of  eddy currents  induced  in 
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t h e  a i r  o r d i n a r i l y  i n  the  gap  and  because  of  outgassing. "his problem is i d e n t i f i e d  
i n   r e f e r e n c e  11 f o r   c o n s i d e r a t i o n   i n  the design  of  any electrical i n s t r u m e n t   f o r  
space   app l i ca t ions .  

The def lec tometer  was mounted as shown i n  f i g u r e  3 f o r  movement by remote  con- 
t r o l   i n   t h r e e   o r t h o g o n a l   d i r e c t i o n s .  Dynamic responses  were measured,  as shown i n  
f i g u r e  4, over   the  main p a r t  o f   the   sur face ,  away from the  wrinkled  apex  regions 
where loca l   ampl i tude   d i s to r t ions   occu r red .  The shapes   o f   s inuso ida l ly   exc i t ed  modes 
were a u t o m a t i c a l l y   p l o t t e d  as a family of curves  showing  peak  amplitudes  for  each 
horizontal   t raverse   of   the   def lectometer ,   and  the  shapes  of   randomly  exci ted modes 
were obtained  from  amplitude  measurements a t  130 d i s c r e t e   p o i n t s .  

Electrodynamic  shaker.- Membrane out -of -p lane   v ibra t ion  modes were e x c i t e d  by an  
e lec t rodynamic   shaker   a t tached  t o  the  cable   leading  f rom  the  lowest   apex,  as shown i n  
f i g u r e s  2 and 3. The shaker   a t tachment   cons is ted   o f  a thin  rod  which  passed  through 
a r i n g  i n  the  shaker-support   cable  and a force  gage  which  monitored  the  input  dynamic 
fo rce .  The e f f e c t i v e  mass of   the  shaker  moving wi th   the  model (ha l f   t he   fo rce   gage  
and a l l  its a t t achmen t s   t o   t he   cab le )  w a s  19.7  grams. The shaker   can  generate   up  to  
4.4 N of force;  however, no  more than 0.001 of t h i s  was needed t o   e x c i t e   t h e  membrane 
v i b r a t i o n  modes to   accep tab le   l eve l s   fo r   t he   v ib ra t ion   i n s t rumen ta t ion .  

Membrane tension.-   In-plane  tension  of   the membrane was maintained by t h e  s teel  
cab le s   pas s ing   ove r   t he   pu l l eys  and con t inu ing   t o   t he   back - su r face   suppor t   s t ruc tu re .  
Var ia t ion   and   cont ro l  of the  tension  were  accomplished  e i ther   manual ly  by a d j u s t i n g  
the   tu rnbuckles  shown i n  f i g u r e s  2 and 3 or   au tomat i ca l ly  by remote  control  of  an 
e l e c t r i c  motor   and  tension  actuator  i n  t he   appa ra tus   o f   f i gu re  5. As shown i n  f i g -  
u r e   5 ( a ) ,   t h e   f r o n t  and  backside  tension  cables   both  passed  over   the  bot tom  pul ley  to  
the  load cel l  and t e n s i o n   a c t u a t o r .  The shaker-support   combinat ion  of   pul leys   and 
cables   assured  a ho r i zon ta l ly   o r i en ted   shake r   i npu t   r ega rd le s s  of the  magnitude  of 
the   t ens ion .   This   appara tus   a l lowed  the   cab le   t ens ion   to  be readi ly   var ied  and  con-  
t r o l l e d   a t   r e d u c e d   a i r   p r e s s u r e s   o v e r   t h e  89 t o  262 N ( 2 0  t o  59 lb)   t ens ion   range .  

Test Procedures  and  Instrumentation 

The tes t  procedures  are des igna ted  on the   bas i s   o f   t he  way t h e  membrane  was 
exc i ted ,   namely ,   s inusoida l   force   input   and  random f o r c e   i n p u t .  Each approach 
invo lves   t h ree   p r inc ipa l   func t ions :  ( 1 )  e x c i t a t i o n  and i t s  c o n t r o l ,  ( 2 )  response 
measurements on the   s t ruc tu re ,   and   (3 )   da t a   p rocess ing  to  obtain  vibrat ion-mode 
da ta   ( i . e . ,   f r equenc ie s ,  mode shapes,   and  damping  coeff ic ients) .   These  funct ions 
a r e   r e p r e s e n t e d   f o r   t h e s e   t e s t s  i n  t he   f l ow  cha r t s  of f i g u r e  6. 

S inusoida l   input . -   In   the   s inusoida l - input   p rocedure ,   the  membrane w a s  sub jec t ed  
to   s inuso ida l ly   va ry ing   fo rces   a t   f r equenc ie s   r ang ing   f rom  abou t  10 t o  100 Hz. The 
membrane r e s p o n d e d   t o   t h i s   e x c i t a t i o n  a t  r e sonan t   f r equenc ie s   t ha t  were i d e n t i f i e d  
and  processed by separation  of  the  coincident  and  quadrature  components  of  the 
response.  (See,  e.g.,  the  co-quad  method  of  ref. 12.)  This procedure is represented  
by t h e   f l o w   c h a r t   i n   f i g u r e   6 ( a ) .  The d is t r ibu t ion   of   ou t -of -p lane   response   ampl i -  
tudes   over   the  membrane s u r f a c e  i n  t h e  form of a mode shape was p lo t t ed   w i th   t he  
x-y p lo t t e r   fo r   each   r e sonan t   f r equency   ove r   t he   r eg ion  shown i n  f i g u r e  4. 

Damping p rope r t i e s   o f   t he   v ib ra t ion  modes were  defined i n  t h e  form  of  coeffi-  
c i e n t s   o r   p e r c e n t a g e s   o f   c r i t i c a l  damping by three  methods  based  on  the  sinusoidal-  
input   approach .  One of   these is t h e  Kennedy-Pancu  method,  which is r e l a t e d  to  t h e  
co-quad  method but  involves  transformation  of  responses  onto  the  complex  plane,  as 
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Random input.-  In  the random-input  procedure,   represented by the flow chart i n  
f i g u r e   6 ( b ) ,   t h e  membrane w a s  subjected t o  random forces   f rom a band-limited white 
no i se   gene ra to r  a t  a range  of  frequencies  between 12  and 100 Hz. Vibra t ion  modes i n  
this range were i d e n t i f i e d  by  two  methods  of  modal e x t r a c t i o n  from random dynamic 
data. One of  these  methods is called the t r a n s f e r   f u n c t i o n  (TF)  method (ref. 161, 
which  uses a commercial  modal  analyzer. The o t h e r  method operates i n   t h e  time domain 
r a the r   t han   t he   f r equency  domain. This method uses  the Ibrahim t i m e  domain ( I T D )  
procedure,  which is desc r ibed   i n   r e f e rences   17   and  18. An e s s e n t i a l   e l e m e n t   o f   b o t h  
methods i n  this i n v e s t i g a t i o n  w a s  the f a s t   F o u r i e r   t r a n s f o r m  (FFT) ,  which is a t o o l  
for   numer ica l ly   comput ing   t ransfer   func t ions   f rom  d ig i t ized  random data; however, FFT 
is  n o t   i n   g e n e r a l   r e q u i r e d   f o r  ITD. With  each  method, mode shapes f o r   s e v e r a l   v i b r a -  
t i o n  modes were obtained  f rom random responses  a t  each  of the 1 3 0   p o i n t s   d i s t r i b u t e d  
over  the membrane s u r f a c e .  

VIBRATION ANALYSIS 

Analyses were conducted  with the SPAR f i n i t e - e l e m e n t   s t r u c t u r a l   a n a l y s i s  com- 
puter  program (ref . 9) for comparison  with  experimental ly   determined  vibrat ion modes 
o b t a i n e d   i n  a near  vacuum. In   us ing  SPAR t o   c a l c u l a t e   o u t - o f - p l a n e   v i b r a t i o n  modes, 
t h e  Mylar s u r f a c e  w a s  modeled by membrane e lements ;   the  steel  cab le  w a s  modeled by 
ax ia l   e l emen t s .   S ince   ne i the r  of these f in i t e   e l emen t s   can   sus t a in   bend ing ,   ou t -o f -  
p l a n e   s t i f f n e s s  is e n t i r e l y   d u e   t o   i n - p l a n e   t e n s i o n  which produces the d i f f e r e n t i a l  
stiff ness .  

SPAR Model and  Boundary  Conditions 

Because   o f   equi la te ra l   geometry   and   overa l l   un i formi ty   o f  the membrane, symmetry 
w a s  assumed abou t  a v e r t i c a l   a x i s   t h r o u g h  the membrane c e n t r o i d ,  the bottom  apex, the 
cable, and   the   pu l ley .  (See f i g .  1 .) On this b a s i s ,   a n a l y t i c a l   h a l f - m o d e l s   ( f i g .   7 )  
were used.  Thus,  computed v i b r a t i o n  modes were either symmetric or   an t i symmetr ic  
according to  displacement  and slope c o n s t r a i n t s  specified a long  the a x i s  of  symmetry. 
T r i a n g u l a r   a n d   q u a d r i l a t e r a l  membrane elements  made up the i n t e r i o r   s u r f a c e   i n s i d e  
the  hem.  The  hem w a s  modeled mostly w i t h  q u a d r i l a t e r a l  membrane elements ,  each 
3 times as t h i c k  as the i n t e r i o r   s u r f a c e   e l e m e n t s .  (See f i g .  1 . )  A l t e r n a t e   f i n i t e -  
element  models  (f ig.  7) were used i n   o r d e r   t o   i n v e s t i g a t e   c o n v e r g e n c e   o f   t h e   a n a l y t -  
i ca l  s o l u t i o n s .  The cables   running  through the cas ing  of the membrane edge  and 
extending  beyond the apexes were modeled w i t h  p re t ens ioned   l i nea r   e l emen t s   hav ing  no 
b e n d i n g   s t i f f n e s s .  The part  of t he   shake r  moving w i t h  the membrane d u r i n g   v i b r a t i o n  
w a s  s imula ted  as a r i g i d  mass ( h a l f  the measured  value  for   the  half-model)   and 
loca ted  38.1 mm (1 .5  i n . )  below the bottom  apex.3 

- .""- 

3The presence  of a local r i g i d  mass p r e c l u d e s   a p p l y i n g   t r i a x i a l  symmetry i n  
a smaller (pie-shaped) f in i t e - e l emen t  model t o g e t h e r  w i t h  symmetric and  antisymmet- 
r ic  boundary  conditions,  as w a s  done f o r  the e q u i l a t e r a l   t r i a n g u l a r  membrane i n  
r e fe rence  3. 
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All edges  of the membrane were cons idered  free. The cables w e r e  assumed t o  
extend  beyond  the  apexes t o  po in t s   co r re spond ing  t o  t h e   p u l l e y   c e n t e r l i n e s ,  as i n d i -  
cated i n  figures 1 and 4. The out-of-plane  and lateral in-plane  displacements  of 
the cable end   po in ts  were c o n s t r a i n e d ,   b u t  the axial  displacements  were l e f t  free. 

Tension  Applicat ion  and  Uniformity 

Tension w a s  applied e q u a l l y  a t  t h e  cable ends i n  a d i r e c t i o n   a l i g n e d   w i t h   t h e  
cable between its end  and the apex.  During this loading,  the membrane w a s  con- 
s t r a i n e d   i n  a l l  degrees  of freedom a t  t h e  center gr id  p o i n t  on t h e  axis of symmetry, 
and  only  in-plane  displacements  were allowed elsewhere.  The t e n s i o n  was  assumed t o  
be t r ansmi t t ed   un i fo rmly   a long   t he  cable t o  t h e  membrane t h r o u q h   c a s i n g s   a l o n g   t h e  
inwardly   curved   c i rcu lar -a rc  edges. 

The basic r e l a t ionsh ip   gove rn ing   t ens ion   a long   each   cu rved   edge  is (based on 
ref. 1 0 )  

- = N R  T 
2 n 

where T is t h e   t e n s i o n  applied a t  t h e  cable end, R is the   edge   rad ius   o f   curva-  
tu re ,   and  Nn is the   normal   load   per   un i t   l ength   a long   the   edge .  The requirement  
for  un i fo rm  b i ax ia l  stress throughout   the  membrane is 

where ox and u are  in-plane stresses i n   t h e  
t i v e l y ,   a n d  t is the   t h i ckness   o f   t he  membrane Y 

The s l i d i n g   o f   t h e  membrane edges   a long   the  

x-direct ion  and  y-direct ion,  respec- 
( i n t e r i o r  t o  t h e  hem). 

cables t o  s a t i s f y   t h i s   r e q u i r e m e n t  
i n   t h e  test  model implies the   absence  of c o n s t r a i n t   d u e  t o  d i f f e r e n c e s   i n   t h e  e las t ic  
properties of membrane and cable. T h i s   c o n d i t i o n   o f   r e l a t i v e  movement between  the 
t w o  m a t e r i a l s  w a s  r e p r e s e n t e d   a n a l y t i c a l l y  by d e f i n i n g   t h e   d i f f e r e n c e   i n   s t r a i n  
between them i n  terms of a t empera tu re   d i f f e rence  AT i n   t h e  cable;4 i.e. , 

a A T = €  - - E  
C m C 

where ac is t h e   c o e f f i c i e n t  of thermal  expansion of the cable , E, is t h e  membrane 
s t r a i n ,  and is  t h e  cable s t r a i n .  F r o m  e q u a t i o n s  ( 1 )  and ( 2 )  and   the   fo l lowing  
s t r e s s - s t r a i n   r e l a t i o n s  

4This method w a s  suggested  by  Melvin  Anderson of the NASA Langley Research 
Center.  
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for  both  membrane and cable, equat ion  (3)  becomes 

where 4 is  Poisson’s  ratio for t h e  membrane, Em 

t h e  membrane, A = - nd2 is t h e  cable c r o s s - s e c t i o n a l  4 

is t h e  modulus of e l a s t i c i t y  of 

area i n  terms of its d iameter  

d ,  and Ec is  t h e  modulus of e l a s t i c i t y  of t h e  cable. From t h e   v a l u e s   l i s t e d   i n  
table I, AT w a s  computed f o r   e a c h   t e n s i o n  T and   in t roduced   a long   wi th  T as 
average  temperature  for each of the a x i a l  elements be tween  the   apexes ,   in   accordance  
w i t h   t h e   i n s t r u c t i o n s  of r e f e r e n c e  9. 

The uniform stress requirement  of equa t ion   (2 )  w a s  ver i f ied by SPAR r e s u l t s ,   a n d  
magnitudes of i n t e r i o r  stresses are listed i n  figure 8 fo r  th ree   t ens ion   l oads .  C a l -  
culated  boundary  displacements  also are included. 

RESULTS AND D I S C U S S I O N  

The p r i n c i p a l   r e s u l t s  of t h i s   s t u d y ,   p r e s e n t e d   i n  figures 9 t o  17  and tables I1 
and 111, show t h e   e f f e c t s  of the   t ens ion   and   ambient  a i r  p res su re   on   t he  membrane 
v i b r a t i o n  modes. V a r i a t i o n s  of t e n s i o n  from 89 t o  262 N (20 t o  59 l b )   r e s u l t e d  i n  
l i nea r   f r equency  parameter t r e n d s   ( f i g .   1 3 )  that appear t o  be u s e f u l  for e s t i m a t i n g  
v i b r a t i o n  modes of dynamically similar membranes. V a r i a t i o n s  of a i r  p r e s s u r e  from 
atmospheric  t o  near  vacuum a l t e r e d   t h e   s e q u e n c e  of v i b r a t i o n  modes and  changed reso- 
nant   f requencies   and  response ampli tudes,  as shown i n   f i g u r e  14. The e f f e c t s   o f  a i r -  
pressure   var ia t ions   on   damping  are shown i n   f i g u r e  15. The o r d i n a t e  a i r  p r e s s u r e   i n  
f igures   14  and  15 is d e f i n e d   i n  terms of   the  reference  a tmosphere  and is e q u i v a l e n t  
t o  t h e  a i r  d e n s i t y  r a t io  d e f i n e d   i n   a p p e n d i x  B. Sens i t i v i t i e s  of t h e   a n a l y t i c a l  
v i b r a t i o n  modes t o  the   s imula ted   shaker  mass are shown i n  table I1 and f igure   17 ,   and  
t h e  modes wi th   the   shaker  mass inc luded  are compared  with  experimentally  determined 
v i b r a t i o n  modes a t  near  vacuum i n  ficpre 16. V i r t u a l  mass e f f e c t s  of a i r  p r e s s u r e  on 
t h e   a n a l y t i c a l   v i b r a t i o n  modes are d i scussed   i n   append ix  B according t o  the   approxi -  
mation i l l u s t r a t e d   i n   f i g u r e  18. Resul t s  of th i s   app rox ima t ion  are shown i n  
f igures  19  and 20. 

Tes t   Resu l t s  

Out-of-plane  vibration modes were found a t  resonant   f requencies   ranging   f rom 
13.94 t o  99.71 Hz. Ficpres  9 t o  12 show na tu ra l   f r equenc ie s   and   co r re spond ing  mode 
shapes   ( ind ica ted  by  dashed-curve  node  patterns) a t  var ious   va lues   o f  cable t e n s i o n .  
Most experimental  mode s h a p e s   i n   f i g u r e s  9 to 12 were o b t a i n e d  from s i n u s o i d a l  force 
inputs   and  are g e n e r a l l y   i n  fa i r  agreement  with modes o b t a i n e d  by the  random-force- 
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i n p u t  methods.   Response  frequencies by t h e   d i f f e r e n t  test methods  tended t o  agree 
better than mode shapes.  Four modes for  which  the  nodal   pat tern  depended most on 
test  method are shown i n   f i g u r e  1 0. 

The r e s t r i c t i o n s  of n o i s e   l e v e l ,   a l o n g   w i t h  the l o w  damping  of  the membrane and 
small a i r - p r e s s u r e   f l u c t u a t i o n s ,  made modal i d e n t i f i c a t i o n   d i f f i c u l t ,   p a r t i c u l a r l y   b y  
t h e  ITD random-input  method. The long  sampling times chosen for t h e  random i n p u t  
forces, 4 m i n u t e s   f o r  each of the 130 test  measurement  points,  were n o t   a l w a y s   s u f f i -  
c i e n t  t o  o b t a i n  reliable modal data. The f r e q u e n c i e s   n o t   i d e n t i f i e d  for some ten-  
s i o n s   i n   f i g u r e s  9 t o  1 1   a n d   t h e   v a r i a t i o n s   i n   b o t h   n o d a l   p a t t e r n s   a n d   f r e q u e n c i e s   i n  
f i g u r e   1 0  are a t t r i b u t e d  t o  t h e   s e n s i t i v i t y   o f   t h e   v i b r a t i o n   d a t a  to  l o w  i n p u t  
forces . 

Tension effects.- V a r i a t i o n   i n   t e n s i o n  a t  t h e  membrane apexes from 89 t o  262 N 
(20 t o  59 l b )  r e s u l t e d   i n   l i n e a r   t r e n d s   o f   t h e   s q u a r e  of the   f requency   wi th   t ens ion  
as shown i n   f i g u r e  13 .   Fo r   subsequen t   co r re l a t ion   w i th   ana ly t i ca l   v ib ra t ion  modes, 
experimental  modes are c l a s s i f i e d  as symmetric or ant isymmetr ic ,   wherever   possible ,  
accord ing  t o  the i r   r e sponse -ampl i tude   d i r ec t ions   w i th  respect t o  t h e  ver t ical  c e n t e r -  
l i n e   o f   t h e  membrane. The h i g h e r  order modes i n   f i g u r e   1 3 ( b )  are n o t   r e a d i l y   i d e n t i -  
f iable  from t h e   n o d a l   p a t t e r n s  of f i g u r e  11 as symmetric or antisymmetric.   Ekperi-  
men ta l   r e sonan t   f r equenc ie s   i nc reased   w i th   i nc reas ing   t ens ion ,  as expec ted ,   wi thout  
s i g n i f i c a n t  mode-shape changes. The noda l   pa t t e rn  of f i g u r e   1 0 ( h )  is i n d i c a t i v e  of 
t h e   d i f f e r e n c e s   e n c o u n t e r e d   i n  mode shape.  Another  form of mode-shape d e v i a t i o n  
a t t r i b u t a b l e  t o  t e n s i o n  is i n d i c a t e d  by t h e   r e v e r s e d   n o d a l   p a t t e r n   o f   t h e   s i x t h  mode 
(f = 43.85 and  67.77) i n   f i q u r e  1 1 .  

The l i n e a r   t r e n d s   i n   f i g u r e   1 3   i n d i c a t e  that  f o r   e a c h   v i b r a t i o n  mode, t h e r e  is a 
cons tan t   va lue   o f   the  r a t i o  f 2/T which  can be used t o  estimate t h e   n a t u r a l   f r e q u e n -  
cies of a g e o m e t r i c a l l y  similar s t r u c t u r e  of t h e  same materials as t h e   p r e s e n t  model. 
As shown i n   a p p e n d i x  A, this estimate is based  on t w o  r equ i r emen t s :   (1 )   t ha t  a 
dimensionless   e igenvalue formed from t h i s  ra t io  be i d e n t i c a l   i n   b o t h  membranes and 
( 2 )   t h a t   b o t h  membranes expe r i ence   t he  same s t r a i n .  From these   requi rements ,   t en-  
s i o n  a t  the   apex  is found t o  scale as the   squa re   o f  a geometr ic  scale factor, and 
frequency as t h e   i n v e r s e  of the scale f a c t o r .  Thus, a three-sided  Mylar membrane 
g e o m e t r i c a l l y  similar and 3 times l a r g e r  w i l l  have  frequencies  approximately  one- 
t h i r d   t h o s e   o f   t h e   p r e s e n t  model  and  apex  tensions 9 times l a r g e r .  

E f fec t s   o f   a i r -p re s su re   va r i a t ion . -   F iqu re   14  shows the   e f f ec t s   o f   ambien t  a i r  
pressure   on   f requencies   and  maximum response  amplitudes  measured a t  two p o i n t s .  
These  f requencies   and  ampli tudes  can,  for t h e  f i r s t  f e w  modes, be i d e n t i f i e d   w i t h   t h e  
n o d a l   p a t t e r n s   p r e v i o u s l y  shown.   Response  f requencies   and  ampli tudes  increase  in  
varying  amounts   with  decreasing a i r  p re s su re ,   w i th   h ighe r  modes h a v i n g   t h e   l a r g e s t  
i n c r e a s e s  a t  lowest pressures .   Cons iderable   complexi ty   in   responses  is e v i d e n t  a t  
middle t o  h igh   f requencies   and  a t  midpressure  levels ,   where  diminishing  response 
p e a k s   s u g g e s t   t h e   e x i s t e n c e  of nodes close t o  p o i n t s  A and B and  the  coupl ing of mode 
shapes   wi th  s imilar  f r e q u e n c i e s .  'Ihe f r e q u e n c i e s  from the a n a l y s i s  shown by the tri- 
a n g l e  symbols a l o n g  the abscissa o f   f i g u r e   1 4 ( a )  are d i s c u s s e d  later. 

Comparisons of test r e s u l t s  show s i g n i f i c a n t l y  lower and more c l o s e l y  spaced 
f r e q u e n c i e s  a t  a tmosphe r i c   p re s su re  (fiqs. 11  and  12),   with mode shapes more d i s -  
t o r t e d   t h a n  a t  n e a r  vacuum ( f ig .  9 ) .  Moreover, t h e r e  is c l e a r l y   a n   a l t e r a t i o n   i n   t h e  
sequence of i d e n t i f i a b l e  modes, wi th  the seventh  mode i n   f i g u r e  9 becoming t h e   f o u r t h  
mode i n   f i g u r e s  11 and 12. The first mode has  modal response  amplitudes  which  bulge 

9 



i n  the membrane c e n t r a l   s u r f a c e  more a t  1 atm ( f i g .  11 1 and  0.610 atm ( f ig .   12)   than  
a t  0.008 to  0.018 atm ( f i g .  9 ) .  Such compar i sons   i nd ica t e   t he   s ens i t i v i ty   o f  mem- 
b r a n e   v i b r a t i o n s  to  a i r  p r e s s u r e   a n d   a s s o c i a t e d   v i r t u a l  mass e f f e c t s .  

The e f f e c t  o f   a i r -p re s su re   va r i a t ions  on  damping is shown i n   f i g u r e  15. Values 
of s t r u c t u r a l  damping c o e f f i c i e n t  g   a s soc ia t ed  w i t h  response  peaks  for   probe posi- 
t i o n  A (based on f i g .   1 4 ( a ) )  are shown for va r ious  a i r  p r e s s u r e s  and v i b r a t i o n  modes. 
These r e s u l t s   i n d i c a t e   t h e  membrane t o  be a lowly damped s t r u c t u r e ,   w i t h   s t r u c t u r a l  
damping coe f f i c i en t s   r ang ing   f rom 0.2 to  1.4 pe rcen t .  Damping c o e f f i c i e n t s  a t  very  
low p res su res  are general ly   lower  and  reasonable   measures   of   s t ructural   damping w i t h -  
out   a i r -damping  contr ibut ions.  

A n a l y t i c a l   R e s u l t s  

. The SPAR a n a l y s i s  w a s  used to  c a l c u l a t e   b o t h  symmetric and  antisymmetric reso- 
nant   f requencies   and  mode s h a p e s   f o r   s p e c i f i e d   t e n s i l e   p r e l o a d s  and   t he rma l   s t r a in  
compensa t ions .   Ana ly t i ca l   r e su l t s  are p r e s e n t e d   i n  tables I1 and I11 and  f ig -  
ures   13(a) ,   16 ,   and  17. R e s u l t s   i n  table I V  are d i scussed   i n   append ix  B and show 
effects of n o n s t r u c t u r a l  air-mass approximations (fig. 18)  on  frequency  and mode 
s h a p e   ( f i g s  . 19 and  20). 

Resu l t s  for the th ree   a r r angemen t s   o f   g r id   po in t s  of f i g u r e  7 are compared i n  
table I1 and show convergence.  Omission of the   thermal   s t ra in   compensa t ion ,   which  
is needed t o  obta in   un i form membrane stresses,.had a n e g l i g i b l e   e f f e c t  on most  of 
the a n a l y t i c a l   v i b r a t i o n  modes. The l a r g e s t  effect  w a s  a 6 .8 -pe rcen t   r educ t ion   i n  
the  frequency of the  symmetric mode w i t h  t h e   n e a r - c i r c u l a r  node. In   add i t ion ,   t he re  
w a s  no effect of   cons t ra in ing  the ax ia l   d i sp lacements   o f  the extended cable ends,  
o t h e r   t h a n   t o   e l i m i n a t e  a l l  but   one of the   i n -p l ane   v ib ra t ion  modes ( n o t   p r e s e n t e d )  
from wi th in  the out-of-plane  frequency  spectrum. 

Table I11 and  f igure   17  show t h e   e f f e c t s   o f   t h e   l o c a l i z e d   r i g i d  mass s imula t ing  
moving p a r t s   o f  the electrodynamic  shaker .   Neglect   of  t h i s  mass r e s u l t s   i n   o m i s s i o n  
of  the t h i r d  symmetric mode and a l t e r a t i o n   i n   t h e   s h a p e  of the f o u r t h  symmetric mode, 
as shown i n   f i g u r e   1 7 ( b ) .  This mass w a s  cons idered  a n e c e s s a r y   i n p u t   t o  the  SPAR 
a n a l y s i s   t o   o b t a i n  a t r u e r   r e p r e s e n t a t i o n   o f  the s h a k e r   e f f e c t  on the experimental  
v i b r a t i o n  modes. 

Comparison of !@=st and  Analy t ica l   Resul t s  

A n a l y t i c a l   v i b r a t i o n  modes obta ined   wi th  the 154-grid-point model are compared 
w i t h  test r e s u l t s   f o r  the near-vacuum c o n d i t i o n   i n   f i g u r e s   1 3 ( a ) ,   1 4 ( a ) ,   a n d  16. 
Figure  16 shows ca l cu la t ed   f r equenc ie s   and  mode shapes (as solid curves  marking 
node loca t ions )   fo r   t h ree   t ens ion   va lues .   Omi t t ed   f r equenc ie s  are denoted by dashed 
curves.  The a n a l y t i c a l  modes are i n   f a i r   a g r e e m e n t   w i t h  the exper imenta l  modes. 
Experimental  modes t h a t  are ant isymmetr ic  w i t h  r e s p e c t   t o  the  v e r t i c a l   c e n t e r l i n e  
c o n s i s t e n t l y   a g r e e   b e t t e r   t h a n  do symmetric modes. This   t rend  is a l s o   e v i d e n t   i n  
f igu re   13 (a )   ove r  the complete  tension  range. 

Resemblances ere n o t e d   i n   t h e   n o d a l   p a t t e r n s   o f   c e r t a i n  modes found i n   t h i s  
s tudy  wi th  those  found  in   references  2   and 3. Desp i t e   d i f f e rences   i n   boundary  con- 
d i t ions   be tween  the   p resent  model and the t r iangular   models  of re ferences   2   and  3, 
similarities are e v i d e n t   f o r  modes i d e n t i f i e d   i n   f i g u r e   1 3 ( a )  as lst,  2nd, and  5th 
symmetric and lst ,  2nd,  and  3rd  antisymmetric. 
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CONCLUDING REMARKS 

Studies  of ou t -o f -p l ane   v ib ra t ion  modes h a v e   b e e n   c a r r i e d   o u t   i n  a vacuum  cham- 
b e r   f o r  a three-sided  aluminized  Mylar membrane with  inwardly  curved  edges.  Uniform 
t ens ion  w a s  t r ansmi t t ed  by t h i n  steel cables   encased  in   the  edges  and  leading  f rom 
the   th ree   apexes ,  t o  which  moderate  tension loads were app l i ed .  

L inear   t rends   o f   squared   na tura l   f requency   (up  to  100 Hz) with  moderate   tension 
l e v e l ,  89 t o  262 N (20  t o  59 l b ) ,  are u s e f u l   f o r   p r o j e c t i n g   r e s u l t s  from t h i s  model 
to   o ther   dynamica l ly  similar membranes  by  means  of simple r e l a t i o n s .  

S i g n i f i c a n t   e f f e c t s  on membrane v i b r a t i o n  modes were found  from  varying a i r  
p r e s s u r e   i n   t h e  vacuum chamber.  Variation  of  ambient a i r  pressure  f rom  atmospheric  
t o   n e a r  vacuum c a u s e d   s i g n i f i c a n t   i n c r e a s e s   i n  dynamic  response  ampli tudes  and  f re-  
quencies .   These  f requencies  became  more c lose ly   spaced   and   the  mode shapes became 
more highly  coupled as the  ambient  a i r  p res su re   i nc reased   t o   a tmosphe r i c .  The f i r s t  
few v i b r a t i o n  modes measured a t  near vacuum are shown t o  be   p red ic t ab le  by f i n i t e -  
e l e m e n t   s t r u c t u r a l   a n a l y s i s .  However, f u r t h e r  work is d e s i r a b l e   t o   q u a n t i f y  the a i r  
e f f e c t s  . 

The  membrane s t r u c t u r e  w a s  found t o  have low damping,  with  structural   damping 
c o e f f i c i e n t s  less than 1.4 percen t   r ega rd le s s   o f   su r round ing   a i r   p re s su re .   Th i s  low 
damping, t o g e t h e r   w i t h   s e n s i t i v i t y   o f   t h e   v i b r a t i o n  modes t o  low no i se - l eve l   fo rce  
inpu t s   and   sma l l   a i r -p re s su re   f l uc tua t ions ,  made modal i d e n t i f i c a t i o n   d i f f i c u l t .  

Langley  Research  Center 
National  Aeronautics  and Space Adminis t ra t ion 
Hampton, VA 23665 
November 16,  1982 
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APPENDIX A 

STRUCTURAL DYNAMIC SIMILARITY 

This   appendix shows how the c o n s t a n t  ratios ind ica t ed   by  the l i n e a r   t r e n d s   i n  
f i g u r e  13 may be used to  estimate parameters of o t h e r   g e o m e t r i c a l l y   a n d   s t r u c t u r a l l y  
scaled cable- tensioned membranes. These estimates can be made by  means of simple 
geometric scale factors obta ined  from p r i n c i p l e s  of dynamic   and   s t ruc tu ra l  similar- 
i t y ,   i n v o l v i n g   t h e   i n v a r i a n c e  of t w o  sets of d imens ionless  parameters determined 
independently.  

One o f   t hese  sets of parameters i n c l u d e s  a dimensionless   e igenvalue,   which may 
be w r i t t e n  as a g e n e r a l   f u n c t i o n  of f o u r   o t h e r   d i m e n s i o n l e s s  parameters. I n  obta in-  
i n g   t h i s   r e l a t i o n ,  the frequency w = 2nf for  a n y   v i b r a t i o n  mode  may be expressed  by 

i n  terms of t h e   g e n e r a l   f u n c t i o n  F1 of apex t e n s i o n  T, membrane and cable mass 
d e n s i t i e s  pm and pc, a n d   g e o m e t r i c a l   f e a t u r e s   t h a t   i n c l u d e  membrane t h i c k n e s s  t, 
edge   rad ius  R, r e p r e s e n t a t i v e   l e n g t h  L, and cable d iameter  d. These seven vari- 
ables and w may be d e f i n e d   i n  terms of t h e   t h r e e   f u n d a m e n t a l   u n i t s  of l eng th ,  time, 
and mass t o  form f ive ( e i g h t  minus th ree )   d imens ion le s s  parameters in   acco rdance   w i th  
Buckingham's p i  theorem.  (See refs. 19 t o  22. ) Four of t h e s e  parameters are simple 
r a t i o s   e v o l v i n g  by i n s p e c t i o n  or p h y s i c a l   i n s i g h t  as pc/pm, t / L ,  R/L, and d/L. 

2 4  
w PmL 

The f i f t h  one is a dimensionless   e igenvalue , which may be obta ined  by a for- T 

mal d imens iona l   ana lys i s   p rocedure   involv ing  w, pm, L, and T e x p r e s s e d   i n  a 
product  of l eng th ,  mass, and time u n i t s  t o  d i f f e r e n t  powers t h a t  are determined  by 
so lv ing   s imul t aneous   equa t ions  (ref. 20, e.g.). Thus,   equat ion ( A l )  may be r e w r i t t e n  
as 

With Lp/LM taken  as A, t h e  scale factor,  t h e s e   s i m i l a r i t y   c o n d i t i o n s  may be 
expressed by the   fo l lowing   equat ions :  

12 



APPENDIX A 
t 

(+)M = (+) = qx P 

P 

whence 

tP 

tM 

” - A  

whence 

R P 
” - A  

($)M = (2) = LM” dP 

P 

whence 

dP 

dM 

” - A  

w h e r e   t h e   s u b s c r i p t  M denotes  

(A4a I 

(A4c) 

t h e  model a n d   t h e   s u b s c r i p t  P denotes  a p r o t o t y p e  
g e o m e t r i c a l l y  scaled from  the model. If b o t h   s t r u c t u r e s  are made of   the  same mate- 
rials, then, from equat ion   (A3) ,  
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APPENDIX A 

and 

- - 

and  equation ( A 5 )  reduces to  

(g)M = ($)phg (A7 1 

which   c l ea r ly   r equ i r e s  knowledge  of a scale f a c t o r   f o r   t e n s i o n   i n   o r d e r   t o   o b t a i n  a 
f requency scale f a c t o r .  

The scale f a c t o r   f o r   t e n s i o n  may be determined from t h e   i n v a r i a n c e  of a second 
set  of dimensionless   parameters ,  w i t h  T i n c l u d e d   i n  a s t r a i n   p a r a m e t e r ,  which may 
be w r i t t e n  as a gene ra l   func t ion   o f   fou r   o the r   d imens ion le s s   pa rame te r s .  This rela- 
t i o n  may be ob ta ined  from 

where F2 is a gene ra l   func t ion  of s i x   v a r i a b l e s  t ha t  inc lude  Em and Ec, Young's 
moduli f o r   t h e  membrane and  cable ,   and pm, Poisson ' s  ra t io  f o r   t h e  membrane. S ince  
none   of   the   var iab les   in  t h i s  equat ion  are time-dependent,   the number of fundamental  
u n i t s   f o r  the d imens iona l   var iab les   can  be reduced  from three t o  t w o ,  namely,   length 
and force. Then, aga in   accord ing  to  Buckingham's theorem, f ive   d imens ion le s s  param- 

EC eters may be i d e n t i f i e d .  Four of these  are, by i n s p e c t i o n ,  - - and - t d 
pm' R' R' 

m 

The f i f t h   o n e ,  - 
2' 

is a g e n e r a l   s t r a i n ,  which may a l s o   b e   o b t a i n e d  by the   p roce-  -1- 

E R  m 

dure   o f   re fe rence  20 from the s o l u t i o n  for the  exponents  of T, Em, and R expres-  
sed i n  a product   o f   l ength   and   force   un i t s  to  d i f f e r e n t  powers. Then equat ion  (A81  
may be w r i t t e n  as 

which, as f o r   e q u a t i o n  ( A 2 ) ,  i s  a l s o   u n a f f e c t e d  by scale e f f e c t s .  Thus,  values  of 
the d imens ion le s s   pa rame te r s   mus t   fo r   s imi l a r i t y  be the same for  the model M and 
the   geomet r i ca l ly   s ca l ed   coun te rpa r t  P, so tha t  
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(E)M = (i) P 1 (9, = ($) P 

($)M = (2) P 

For the same materials i n  both  models, 

(Em)M = ( E m ) p  

( E c l M  = ( E c l p  I (PmIM - - 

APPENDIX A 

and, using  the  scale  factor  for R from equation ( A 4 b )  , the  scale  factors  for t 
and d are  the same as  before  in  equations ( A 4 a )  and (A4c) .  Equation ( A 1  2) then 
reduces to 

TM TP 

R R 2A2 
-=”- 

M M 

from which 
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With the scale factor f o r   t e n s i o n  known, e q u a t i o n  ( A 7 )  becomes 

from which  the scale factor for frequency is found to  be 

w 
P 1  - = -  

% I h  

This  is t h e  well-known factor p r e v i o u s l y   d e r i v e d  for o the r   geomet r i ca l ly   and  dynami- 
c a l l y  similar s t ruc tures   involv ing   bending   and  made from t h e  same materials. 

As n o t e d   i n  reference 23, t h i s   k i n d  of mod.eling is v a l i d  as long as s t r a i n - r a t e  
e f f e c t s  (i.e., millimeter per millimeter per second)  are n e g l i g i b l e ,  as is t r u e  fo r  
most c o n v e n t i o n a l   s t r u c t u r a l  materials. While t h e  effects of s t r a i n - r a t e   v a r i a -  
t i o n s  on t h e   s t r u c t u r a l  properties of th in   Mylar  are unknown t o  the   au tho r s ,   i n -p l ane  
membrane displacements  due t o  t h e  maximum t e n s i o n   l o a d s  for t h e   p r e s e n t   i n v e s t i q a -  
t i o n  appear to  be w e l l  w i t h i n   t h e   l i n e a r   r a n g e  of the  load-deformation test curves  
i n   r e f e r e n c e  24. On t h i s  basis, Mylar s t r a i n - r a t e  effects are n o t  expected to  be 
s i g n i f i c a n t .  

The d imens ionless   e igenvalue   and   s t ra in  parameters i n   e q u a t i o n s  (A21 and (A91 
are genera l   express ions   tha t   could   have   been  made specific without   changing  the 
r e s u l t i n g  scale f a c t o r s .  An a c t u a l   f u n c t i o n a l  form of Fl i n   e q u a t i o n  (A2)  could 
have  been  obtained by some l inea r   combina t ion  of d imens ionless   e igenvalues  of mem- 
brane  and cable. Likewise,  a spec i f i c   fo rm  o f  P, i n   e q u a t i o n  ( A 9 1  could  have  been 
o b t a i n e d  by a l inear   combina t ion  of equat ions  ( 4 )  i n   t h e  main t e x t .  
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APPENDIX B 

ANALYTICAL APPROXIMATION OF AMBIENT-AIR  EFFECTS 

The e f f e c t s  of ambient a i r  on membrane ou t -o f -p l ane   v ib ra t ion  modes were 
approximated as a n o n s t r u c t u r a l  mass con ta ined   w i th in  a curved   envelope   sur face  
d e f i n e d  as shown i n   f i g u r e   1 8  over one  planform  surface of the membrane. The 
envelope   sur face  is t h e   l o c u s  of q u a r t e r  circles l y i n g   i n  vertical  planes  normal t o  
t h e  membrane edge   and   conta in ing  the membrane e lement   cen t ro ids .  The r a d i u s  ri of 
each   qua r t e r  circle is the dis tance   f rom the membrane edge to  t h e   n e a r e s t  of the 
t h r e e  symmetry axes.   In   each vertical  plane,  the e l emen t   cen t ro id  is loca ted   by  the 
coordinate   which,   together   with ri, d e t e r m i n e s   t h e   d i s t a n c e  zi of t h e  
envelope   sur face  from the membrane, as shown i n  figure 18. The corresponding local 
mass per u n i t  area mi is then  computed  and  input t o  t h e  SPAR v i b r a t i o n   a n a l y s i s  as 
n o n s t r u c t u r a l  mass. Air-mass c o n t r i b u t i o n s  from both   p lanform  sur faces  of t h e  
membrane are r e p r e s e n t e d  by the factor 2 i n  mi. 

Frequencies  and mode shapes   ca l cu la t ed  by this approximat ion ,   us ing   the  SPAR 
model of f i g u r e   7 ( c ) ,  are p r e s e n t e d   i n  table I V  and   f iqures   19   and  20 fo r   102  N 
(23 lb) of t ens ion .   Resu l t s  to s i m u l a t e  1 atm are p r e s e n t e d   i n   t h e   f i r s t  column of 
table I V  and i n   f i g u r e  19.  Frequencies for t h i s   c o n d i t i o n  are lower than test  fre- 
q u e n c i e s   i n  figure 11. The first-mode  frequency is w i t h i n  9.5 p e r c e n t  of t h e  test 
v a l u e ,   a n d   t h e   c e n t r a l   b u l g e   i n   t h e  mode shape i s  predicted f a i r l y  w e l l .  Frequencies 
of   h igher  modes tend t o  be c l o s e l y  spaced, as do expe r imen ta l   f r equenc ie s ,   bu t   l ack  
agreement  by as much as 27 p e r c e n t   f o r   i d e n t i f i a b l e  modes. Analy t ica l  mode shapes  
correlate somewhat better wi th  tes t  mode shapes   than   do   ana ly t ica l   and  test  frequen- 
cies for  t h e  f i r s t  f o u r  modes. 

Resu l t s   ob ta ined   u s ing  air-mass loadings of 80,  61,  and 42 p e r c e n t   o f   t h e  a i r  
mass a t  1 atm are shown in   t he   s econd ,   t h i rd ,   and   fou r th   co lumns   o f  table I V  and i n  
f i g u r e  20. Air-mass r e d u c t i o n s  are e q u i v a l e n t  t o  a i r - d e n s i t y   r e d u c t i o n s  p a r / p a l ,  

where 
'ar 

is t h e  air-mass d e n s i t y  a t  a par t ia l  atmosphere  and is t h e  air-mass 

d e n s i t y  a t  1 atm. 
pa 1 

Frequencies  were increased   wi th   no  appreciable change i n   c o r r e s p o n d i n g  mode 
shapes for t h e   f i r s t   f o u r  modes.  However, l a r g e  mode-shape a l t e r a t i o n s  w e r e  found 
for c e r t a i n   h i g h e r  modes, as shown i n   f i g u r e  20. Despite the   c rude   na tu re  of t h e  
air-mass approx ima t ion ,   t he   f r equency   t r ends   i n  table I V  and   f i gu re  20 and the h i g h e r  
o r d e r  mode-shape changes are  similar to  the  complicated  modal   response  behavior   indi-  
cated i n   f i g u r e  14. 

A r i go rous   ma themat i ca l   t r ea tmen t  of t h i s   e f f e c t  would r e q u i r e   a p p l i c a t i o n   o f  
a c o u s t i c   r a d i a t i o n   t h e o r y ,   s u c h  as t h a t  developed b y   P r e t l o v e   i n   r e f e r e n c e  25 fo r  
d e r i v i n g  a g e n e r a l i z e d  a i r  mass and  by  Irgens  and  Brand i n   r e f e r e n c e  26 for a i r  damp- 
i n g  as w e l l  as  the air-mass effects. Such  an e f for t  is  o u t s i d e   t h e  scope of the 
p r e s e n t   s t u d y  . 
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TABLE I.- STRUCTURAL PROPERTIES OF THREE-SIDED MEMBRANE 

Mylar membrane 

E = 3.4 GPa (0.489 X 10 6 p s i )  

p = 0 .3  

a = 2.7 x 5 -6 i n .  

mm/ OC in./'F 

p = 1384 kg/m3 -4 lb-sec 
4 i n  

t = 0.0127 mm (0.0005 i n . )  

R = 1.41 m (55.5 i n .  1 

Steel cable 

E = 165.5 GPa (24 .0  x l o6  psi) 

p = 0.3  

a = 1.4  X 10 -5 mm -6 i n .  

mm/ OC in./OF 

p = 5500 kc3/m3 -4 lb-sec 
4 i n  

I d = 1.60  mm (0 .063  i n . )  I 

20 



TABLE 11.- VIBRATION-MODE  RESULTS FOR GRID  VARIATIONS OF SPAR  MODEL 
AT 102 N (23 LB) APEX TENSION 

Frequency, Hz 

28.38  28.33 

40.50 40.50 

41.08 I 40.99 

-~ ~ 

57.06 57.03 

65.98 65.95 

71.47 71.38 

80.10 79.82 
~~ 

80.86  80.79 

98.29 98.1 7 

154 
Jr id  p o i n t s  

28.38 

40.51 

41.09 

57 -05 

65.95 

71.49 

80.43 

80.80 

98.36 

Mode-shape d e s c r i p t i o n  

Symmetric overall  response  without  nodes 

Symmetric  with  one l a te ra l  node 

A n t i s y m m e t r i c   ( a b o u t   v e r t i c a l   c e n t e r l i n e )  I 
Symmetric wi th  t w o  widely separated la teral  nodes 1 
Antisymmetric  with t w o  nodes   and   responses   in  

fou r   quadran t s  of model 

Symmetric w i t h  t w o  inwardly  curved  nodes,   and  one 
la teral  node close t o  shake r   l oca t ion  

Symmetric wi th  overall  near -c i rcu lar   node  I 
Antisymmetric  with  nodes 60° apart i n t e r s e c t i n g  

a t  membrane c e n t e r  

Symmetric with  inwardly  curved  node  a long  each 
edge of model 
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TABLE 111.- EFFECT OF  SHAKER MASS SIMULATION ON VIBRATION-MODE RESULTS CALCULATED 
FROM  SPAR  AT 93 N (21 LB) APEX TENSION 

[ 154-grid-point model1 

I Frequency, Hz 

With  shaker 

27.1  2 

39.26 

Without 
shaker  mass 

27 . 30 

39.24 

39 . 26 

Mode-shape d e s c r i p t i o n  

Symmetric overall  response without  nodes 

Symmetric  with  one la teral  node 

Antisymmetr ic   (about  ver t ical  c e n t e r l i n e )  
. ~- 

54.52 

63.02 
fou r   quadran t s  

Antisymmetric  with t w o  nodes  and  responses i n  63.02 

68.31 Symmetric  with t w o  inwardly  curved  nodesa 63.02 

1 76.83 I 75.32 I Symmetric wi th  overall n e a r - c i r c u l a r  nodea 

77.21 Antisymmetric with  nodes  60° apart i n t e r s e c t i n g  77.21 
a t  membrane c e n t e r  

93.98 
edge of modela 

Symmetric with  inwardly  curved node a long   each  92.34 

aAdditional  node close to  bottom apex. (See a l so  f ig .  17.)  
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TABLE  1V.-  EFFECTS OF APPROXIMATE AIR MASS ON VIBRATION MODES CALCULATED FROM SPAR 
AT 102 N (23 LB)  APEX TENSION 

Frequency, Hz 

3 a 'pa 

Pa 
" 

r 

1 

- 0.80 - = 0.61 r 

1 
3 a 

15.62 

27 -94 
" - " - -_ 

25.45  28.1 4 

29.48  32.01 

38.07  41.70** 

38.21 I 41.95 

40.02** I 44.30** 

40.45  44.81 

45.32 I 49.85** 

18.00 

31.49 

31.74 

35.50 

" "____ 

46.63** 

47.02 

50.50** 

51.73** 

56.59** 

Mode-shape description 

Symmetric overall  response  without nodes 

Symmetric w i t h  one l a t e r a l  node 

Antisymmetric  (about ver t ica l   cen ter l ine  

Symmetric w i t h  central   overall   near- 
c i r cu la r  node 

." - ~~ 

Symmetric w i t h  c i r cu la r  node i n  lower 
cen t r a l   pa r t  of  model and l a t e r a l  node 
across  upper  part of model 

Antisymmetric w i t h  two nodes  and 
responses i n  four  quadrants of  model 

Symmetric ( f i g .  20)  
~~ ~~ 

Antisymmetric  with  central  vertical and 
upper c i r cu la r  nodes 

* 
pal 

= 1.2256 kg/m3 x lom7 
i n  

Symmetric ( f i g .  20)  
____ " ~~ 

**Changed mode shape ( f iq .  2 0 ) .  
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Hem detail \\ 3 
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\ I  T 

Figure 1 . -  Three-sided membrane model. 



Shaker support 4 
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Force gage 

Shaker 
attachment 
cable  clamp 

Pulley w 
View A-A 

\ 
\ 
\ 

I \ 
I 

I 
I 

I 

1 I 
Load cell 

Ring for passage of shaker attachment 

Figure 2.- Schematic of back-surface  support   s t ructure   for   three-s ided membrane; 
manual tension  control.  
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L-80-8005 

Figure 3.- Three-sided membrane  and test apparatus mounted i n  8-foot-diameter 
spherical vacuum chamber. 



$ Shaker 

Figure 4.- Locations of modal survey measurement. Dots denote 130 measurement 
points on 248-grid-point SPAR model ( f i g .  7(a) 1 .  
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ension  actuator 

"y/ r ,  

lower  center 
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,Slot in clamp for backside tension cable 
Force gage 

Load cell 

(a 1 Schematic. 

Figure 5.- Test  apparatus  modified  for automated tension  control.  Shaker and force 
gage a re  clamped t o   f r o n t  and shaker-support  cables. 
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L-81-4382 
(b) Overall  view i n  test chamber. 

Figure 5 .- Concluded . 
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(b)  Random input,  with  output  processed by t ransfer   func t ion  (TF) or Ibrahim time 
domain ( ITD) methods. 

Ficpre 6.- Concluded. 



1 Simulated  shaker mass 

(a) 124 grid  points (b) 138 grid  points.  (c) 154 grid  points.  

Figure 7.-  SPAR half models of three-sided membrane. 
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Figure 8.- SPAR s t a t i c   s t r e s s e s  and displacements. 
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I 

229.5 62.1 4 
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142.0  99.71 (ITD) 
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142.0  83.86 
229.5 

'Dl 

Figure 9.- Membrane experimental  vibration modes i n  near vacuum of 0.008 to 0.018 atm 
under equal   apex  tension  loads.  A l l  data  are  obtained by s inusoidal   input   unless  
o therwise   spec i f i ed .  
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Sinu- Random 
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Figure 10.- Selected membrane-experimental-mode comparisons  showing  differences  due 
t o   e x c i t a t i o n  method and t e n s i o n   v a r i a t i o n   a t  0.008 t o  0.018 atm. 



- X  

T, N f ,  Hz 
102.0  13.94  102.0  26.34  102.0  28.90 
143.0  16.05  143.0  32.1 5 (TF) 143.0  33.25 (TF) 

227.0  41.50 Nodes 227.0  40.18 

T, N f ,  Hz 
102.0  34.77  102.0 43.1 4 

226.0  49.82 '1' 226.0  67.77 
49.82 "$ I I 

f, Hz 
67.59 

f, Hz 

86.77 

Figure 1 1 . -  Membrane experimental  vibration modes a t  1 atm under equal 
apex tension  loads. A l l  data  are  obtained by sinusoidal  input  unless 
otherwise  specified. 
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Hz = 84.08 HZ 

Figure 12.- Membrane experimental  vibration modes a t  93.4 N (21 lb )  under equal  apex 
t ens ion   a t  0.61 atm by sinusoidal  input.  
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( a )  In near vacuum of 0.011 to 0.018 atm. 

Figure 13.- Variations of the square of membrane 
frequencies  with  apex  tension. 
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Figure 1 3 .- Concluded. 
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(b) Response displacements a t   po in t  B. 

Figure 14.- Response-displacement variations  with  air  pressure and 
frequency measured by random-input method (TF)  with 93.4 N ( 2 1  lb) 
apex tension. 
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Figure 15.- S t r u c t u r a l  damping c o e f f i c i e n t s   f o r  93.4 N (21  lb) apex tension. 
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Figure 16.- Membrane exper imenta l   and   ana ly t ica l   v ibra t ion  modes i n   n e a r  vacuum 
of  0.008 to 0.018  atm  under  equal  apex  tension  loads. All data   ob ta ined  by 
s inusoida l   input   un less   o therwise   spec i f ied .  



f = 54.52 Hz 

(a )  With simulated  shaker mass. (b) Without shaker mass. 

Fiqure 17.-  Sensit ivity of particular SPAR vibration modes to  simulated moving mass of 
electrodynamic shaker under 93 .4  N (21 lb)  apex tension. 

e 
W 



P 
P 

\ / 

A 

Z. 
I 

* $  

z. = 
I 

m. = 2p,zi 
I 

Figure 18.- Ambient-air-mass  approximation  for  three-sided  membrane. 
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Figure 19.- Analytical  vibration  mode  shapes and frequencies, in hertz, for  approximate  air 
mass of 1 .O atm. 



Figure 20.- Ana ly t i ca l   v ib ra t ion  mode s h a p e s   a n d   f r e q u e n c i e s ,   i n   h e r t z ,  for four   a i r -mass-dens i ty  

ratios.  (See a l so  t a b l e  IV.) 
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